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Abstract: Most of hexagonal close-packed (HCP) metals are lightweight metals. With the increasing 
application of light metal products, the production of light metal is increasingly attracting the attentions of 
researchers worldwide. To obtain a better understanding of the deformation mechanism of HCP metals 
(especially for Mg and its alloys), a new constitutive analysis was carried out based on previous research. In 
this study, combining the theories of strain gradient and continuum mechanics, the equal channel angular 
pressing (ECAP) process is analysed and a hcp crystal plasticity constitutive model is developed especially 
for Mg and its alloys. The influence of elevated temperature on the deformation mechanism of the Mg alloy 
(slip and twin) is novelly introduced into a crystal plasticity constitutive model. The solution for the new 
developed constitutive model is established on the basis of the Lagrangian iterations and Newton Raphson 
simplification.  
1. Introduction 
Currently, lightweight metals with excellent mechanical properties may bring a potential solution for the 
current energy crisis in automotive and aerospace industries. As one of the most promising lightweight 
metal, magnesium (Mg) is increasing the attentions of researchers and scientists in the world. Magnesium is 
the lightest structural metal. Generally, Mg has the following excellent properties: high corrosion resistance, 
low density, excellent impact resistance and damping capacity, and very good size stability (as shown in 
Figure 1) [1]. Magnesium alloys are mixtures of magnesium with other metals (called an alloy), often 
aluminum, zinc, manganese, silicon, copper, rare earths, and zirconium. Magnesium alloys have a 
hexagonal lattice structure, which affects the fundamental properties of these alloys. Plastic deformation of 
the hexagonal lattice is more complicated than in cubic latticed metals like aluminum, copper, and steel. 
Therefore, magnesium alloys are typically used as cast alloys, but research of wrought alloys has been more 
extensive since 2003. Cast magnesium alloys are used for many components of modern cars, and 
magnesium block engines have been used in some high-performance vehicles; die-cast magnesium is also 
used for camera bodies and components in lenses [2].  
. 
Figure 1: Characteristics of Mg [1] 
Due to their low density and high specific strength, light metals - especially Mg alloys are becoming a 
hotspot of materials research not only in macro-forming, but also in micro-forming. The use of Mg alloy 
components is expanding, especially in the automotive industry, consumer electronics industry and medical 
industry [3, 4]. However, magnesium alloys have a HCP structure and the critical resolved stresses (CRSS) 
for a basal slip are far below that for non-basal slips [5]. Therefore, unlike other light metals such as 
aluminum, magnesium shows limited ambient temperature formability due to a shortage of independent 
deformation modes [6]. Due to a very poor workability and limited ductility at ambient temperature, most 
formings of Mg alloys are conducted at elevated temperatures, leading to a degradation of the mechanical 
properties (certain ductility, but low strength) [7, 8]. This makes the application of Mg alloy products very 
limited.  
 
The significant disadvantages of Mg alloys are the poor workability and limited ductility at ambient 
temperatures. The poor workability and ductility of Mg alloys mainly result from its limited slip system and 
special microstructure. In order to improve the workability and ductility of Mg alloys, many investigations 
have been conducted on the deformation mechanism of Mg and its alloys since the past several decades [9-
17]. Mg alloys’ deformation can be accommodated by slips on basal {0001}, prismatic {1011} <a>, and 
pyramidal {1122}<c+a> planes. Deformation can also be accommodated by twining: tensile in {1012} 
planes and contraction in {1011} and {1013} planes [18]. At room temperature, critical resolved shear 
stress (CRSS) associated with tensile twining in pure polycrystalline Mg and in conventional alloys such as 
Mg AZ31 alloy is slightly higher than the basal CRSS, but obviously lower than any non-basal CRSS (such 
as prismatic pyramidal <a> and pyramidal <c+a>). While compression twins are not common because the 
room temperature CRSS with this deformation mode is relatively higher than that of non-basal CRSS [17]. 
Some early investigations [10-12] showed that slips on basal planes and {1012} twinning are the main 
deformation mechanisms during uniaxial deformation ate low temperature and low strain rate in randomly 
orientated Mg polycrystals of conventional grain size (10-50 µm). Non-basal slip systems are also active to 
a lesser extent [16, 19, 20]. High strain rate properties of metals and alloys were analyzed by Armstrong 
and Walley [21]. The strain rate response of metals depends on the crystalline structure [22]. For body-
centered cubic (BCC) metals, the strain rate sensitivity coefficient reflects the yield stress dependence. For 
face-centered cubic (FCC) metals, the strain rated response of metals reflects strain hardening. In hexagonal 
close-packed (HCP) metals especially for Mg and its alloys with a random texture, the strain rate response 
follows the FCC pattern [23]. Simulation techniques aimed at describing the mechanical behavior of Mg 
alloys at quasi-static strain rates have been extensively proposed [9, 24-29]. Research also shows that the 
activity of Mg deformation mechanism is highly dependent on the temperature and initial texture [30, 31]. 
While the influence of temperature on the Mg deformation mechanism is not mentioned in details. Few 
research on the influence of temperature on the deformation behavior of HCP (Mg alloys) have been 
conducted in metal forming process especially for the case of ECAP. Therefore, to help the understanding 
of the deformation mechanism of Mg alloys in high temperature and also to provide suggestions 
on further optimization of mechanical properties of light metal (especially for Mg alloy), an 
analysis based on the constitutive model of Mg alloys at high temperature deformation has been 
carried out in this study on the basis of our previous research and analytical method of crystal 
plasticity constitutive model [32]. The influence of temperature on the strain increment is novelly 
employed in crystal plasticity finite element analysis of Micro ECAP process. 
 
2. HCP material and its slip system 
As a typical HCP metal, slip systems for Mg alloys includes two deformation mechanism: slip systems and 
twining systems. The sip system includes basal {0001}, prismatic {1011}  <a>, and pyramidal 
{1122}<c+a> planes. While the twining consists of tensile in {1012} planes and contraction in {1011} and 
{1013} planes. The typical deformation mechanism is show in Figure 2. 
 
Figure 2 Schematic of the four hcp slip system (i) considered here, along with the tensile twinning system 
(a) [18] 
 
3. ECAP system and deform mechanism 
3.1 MECAP device 
According to the requirement of the device, the ECAP device is developed based on the Japanese 
mechanical design standard, which is shown in Figure 3. Japanese steel SKD61 is used as the die material. 
The punch material is SKD 61 with nitriding treatment. 
 
Figure 3 Micro-ECAP device: dies and punch 
3.2 Deformation mechanism 
The ECAP technology is a novel and high efficient manufacturing technology for bulk ultra-fined grain 
metal materials, whose mechanism is to obviously refine grains by the accumulation of severe shear 
deformation, then significantly improve the material property. In Figure 4(a), sever shear deformation will 
take place in the dotted line area. The effective strain can be accumulated due to an increase of the ECAP 
pass. In the ECAP process, the modelled sample evolution is shown in Figure 4 (b).  
 In the ECAP process, angles φ and ψ are the two important parameters, (as shown in Figure 4 (a)). Angle φ 
is the angle with the die between the two parts of the channel and angle ψ is the angle at the outer arc of the 
curvature at the point of intersection.  
                           
(a)                                                                 (b)  
Figure 4. Schematic of ECAP process: (a) ECAP device (die, punches and sample), (b) simulated sample 
deformation by FEM [33] 
Figure 5 shows that a single pressing through the die shears the cubic element into a rhombohedra shape. 
However, it is also apparent that the deformation occurring in subsequent pressing will depend upon the 
nature of any rotation of the sample. 
 
Figure 5. Schematic illustration of shearing in a single pressing through the die: X, Y and Z define 
orthogonal planes of observation [34] 
3.3 ECAP pressure 
As an important parameter, the ECAP pressure also plays an important role in workability, friction and even 
fatigue limit. Some researchers [35, 36] developed an upper-bound solution to the ECAP pressure 
considering Hollomon-type material and using a frictionless condition. According to these authors, the 
pressure is related with the material hardening behavior as [37-39] 
P = � 𝜎𝑦
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Where 𝜎𝑦 and n are the yield stress and the strain-hardening exponent, respectively. 
An analogue ECAP pressure solution considering a Swift-type material is based on  
σ = K(𝜀0 + ε𝑝)𝑛                                                             (2) 
where K is the strength coefficient, 𝜀0 is the pre-strain and ε𝑝 is the effective von Mises plastic strain. Thus, 
considering one pass of extrusion the equation (1) becomes  
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The extrusion per unit of thickness after one pass can be obtained multiplying the right-hand side of the 
equation (3) by the width (W) of the billet. Thus 
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3.3 Strain in ECAP process 
In the ECAP process, angles φ (the angle with the die between the two parts of the channel) and angle ψ 
(the angle at the outer arc of curvature at the point of intersection) are the important parameters which 
affect the ECAP strain greatly. Iwahashi et al. [40] studied the influence of the angle ψ on the ECAP 
deformation. They analyzed the results under three different conditions: A (ψ=0°), B (ψ=π−φ), C 
(0<ψ<π−φ). If the lubricant works well, the friction can be neglected. Under this condition, they proposed a 
relation between the effective strain and the ECAP angles φ and ψ. This expression is calculated from the 
von Mises isotropic yield criterion applied to the pure shear condition [40, 41]. 
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The effective strain ε𝑖𝑒𝑒 in component form is represented by  
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Since the same strain is accumulated in each passage through the die, the effective strain after N extrusion 
pass εN may be expressed in a general from by the relationship 
𝜀𝑁 = 𝑁 ∙ 𝜀𝑖𝑒 = 𝑁 ∙
1
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)�                                       (7) 
Thus, the strain may be estimated from this equation for any pressing condition provided the 
angles ϕ, ψ  are known. 
If the angle 𝜙 is 90°, the effective strain at different passes can be obtained as 
Table 1 Effective strain at different passes 
Passes 1 2 3 4 5 6 7 8 9 
Strain 1.05 2.1 3.15 4.22 5.25 6.3 7.35 8.4 9.45 
 
4.  Constitutive relations of HCP metal 
4.1 General assumptions in ECAP crystal plasticity finite element method simulation 
Normally, finite element method simulations can provide direct information on the evolution of plastic 
deformation during the ECAP and enable us to simulate the deformation of the material subjected to single 
pass or multi-pass ECAP. Shaeri et al. [42] analysed the effect of the ECAP temperature on strengthening 
mechanisms of Al-Zn-Mg-Cu alloy and concluded that the ECAP temperature can strengthen the material 
by the following aspects: (i) solid solution hardening, (ii) grain boundary strengthening, (iii) dislocation 
strengthening and (iv) precipitation strengthening. However, these mechanisms will vary due to different 
metals and states. In the ECAP of Mg and its alloys, the strengthening will mainly be led by the second and 
third mechanism. To simplify the calculation, normally only the third strengthening mechanism will be 
taken into consideration in finite element modelling.  
As a special approach of finite element method (FEM), crystal plasticity finite element modelling (CPFEM) 
can simulate the extra evolution of texture and surface profile. To simplify the simulation of CPFEM, some 
basic assumptions are needed. Based the two reasons, the general assumptions of the ECAP CPFEM can be 
summarized as follows: 
(1) The material is isotopic and homogeneous. 
(2) The material is elastic-plastic with the strain-hardening exponent being zero in order to consider the 
effect of elastic deformation on the morphological change of the extruded specimen.  
(3) The system is isothermal. 
(4) The von Mises flow rule is used to construct the constitutive relation. 
(5) There is no friction between the surface of the material and the die wall due to the use of lubricant 
in the ECAP. 
(6) The specimen volume is a constant during the ECAP process. 
(7) Twin and slip are the main deformation modes. No other deformation mode take place in the ECAP 
process. 
(8) In the same metal, all the slip systems have the same critical shearing stress; 
(9) The trans-granular slip is homogenous. 
(10) Influence of grain boundary is neglected. 
 
Currently, this constitutive relationship does not consider the influence of dynamic recrystallization. For the 
other deformation, this model can be used by considering the practical deformation modes, temperature and 
the influence of dynamic recrystallization. With the consideration of deformation temperature and 
deformation modes, this model can be used in some hot deformation modes of Mg alloy such as hot rolling, 
hot extrusion etc. Different deformation modes have the different stress state: rolling has the stress state of 
3 dimensional compression stress. While ECAP process, the shearing is the main deformation mode then 
shear force is the main force. The model should be modified by incorporating the different deformation 
mode (stress state) and other conditions (such as deformation temperature and lubrication), then it will be 
applicable for different deformation modes. 
4.2 Thermodynamic and mechanics of geometry 
The deformation gradient tensor F at time t can be decomposed multiplicatively into an elastic contribution 
Fe, related to the elastic distortion of the lattice, and a plastic contribution Fp, representing the cumulative 
effects of the non-reversible deformation in the crystal [43-47]:  
𝑭(t) = 𝑭𝑖(𝑡) ∙ 𝑭𝑝(𝑡)                                                               (8) 
Where det (𝐹𝑖)>0 and det (𝐹𝑖)=1 [26] 
 
The stress is described by the second Piolar-Kirchoff tensor Se defined in the intermediary reference frame 
[48] which, in metals follows a linear relationship: 
𝑺𝑖 = 𝑪:𝑬𝒆                                                                     (9) 
Where 𝑐 is a fourth order anisotropic elasticity tensor, and Ee is the elastic Green-Lagrange deformation 
tensor: 
𝑬𝑖 = 1
2
(𝑪𝑖 − 𝑰)                                                              (10) 
where 𝑐𝑖 is the elastic right Cauchy-Green tensor defined as  
                𝑪𝑖 = 𝑭𝑖𝑒 ∙ 𝑭𝑖                                                                   (11) 
Finally the plastic velocity gradient tensor 𝐿𝑝 = 𝐹𝑝 ∙ 𝐹𝑝−1̇  is defined as [18]: 
𝐿𝑝 = ∑ 𝑠𝑠𝑠𝑠(𝜏𝑖)𝛾?̇?𝑖 𝑺0𝑖 +∑ 𝑠𝑠𝑠𝑠(𝜏𝑎)𝛾?̇?𝑎 𝑺0𝑎                                              (12) 
Where 𝛾?̇? and 𝛾?̇? are the shear strain rates and 𝑠0𝑖  and 𝑠0𝑎 are the Schmid tensors for slip system i and twin 
system α, respectively, in the reference configuration. 
�𝑺0
𝑖 = 𝒎0𝑖⊗𝒏0𝑖
𝑺0∝ = 𝒎0∝⊗𝒏0𝑎
                                                                   (13) 
Where 𝑚0
𝑖/∝ and 𝑠0
𝑖/∝ are the unit normal to the slip /twin plane, unit vector of the slip/twin direction in the 
reference configuration, respectively. A schematic of the corresponding systems is shown in Figure 2. 
4.3 Incremental solution for simulation 
4.3.1 Plastic deformation gradient increment 
The plastic deformation gradient tensor at timeτ = t + ∆t, where ∆t is the time step, can be given from its 
counterpart at time t, 𝐹𝑝(𝑡) by [25] 
𝑭𝑝(τ) = 𝑭∆𝑡
𝑝 ∙ 𝑭𝑝(t)                                                                  (14) 
Where 𝐹∆𝑡
𝑝  is given by the kinematic incremental relation [25]: 
𝐹∆𝑡
𝑝 = 1 + ∑ ∆𝛾𝑖𝑖 𝑺0𝑖 +∑ ∆𝛾𝑎𝑎 𝑺0𝑎                                                   (15) 
Where ∆𝛾𝑖 and ∆𝛾𝑎 are the shear strain increment. 
4.3.2 Influence of temperature on strain increment 
Normally, the relationship between the temperature and the strain rate can be expressed [49] as  
𝜀̇ = 𝐴 �𝜎
𝐺
�
𝑛
(𝐷0
𝑏2
)exp (− 𝑄
𝑅𝑒
)                                                             (16) 
Where A is a constant, σ is the flow stress, D0 is the pre-exponential factor for diffusion, G is the shear 
modulus, n is the stress exponent (=1/m), b is Burgers vector, R is the gas constant, T is the absolute 
temperature (K) and Q is the activation energy for diffusion, which depends on the rate controlling process. 
Ishikawa et al. [50] analysed the influence of temperature on the ECAP deformation of AZ31 Mg alloy. 
From their results, they obtained the value of stress exponent n and m: n=5-7, and m=0.14-0.2. Based on 
their results and research of Robinson and Sherby [51, 52], the practical diffusion coefficient of D can be 
obtained by the following equation.  
D𝑖𝑒𝑒 = 𝐷𝐿 + 𝑢(𝜎/𝐺)2𝐷𝑃                                                   (17) 
Where D𝑖𝑒𝑒  is the effective diffusion coefficient, 𝐷𝐿  is the lattice diffusion coefficient, 𝐷𝑃  is the pipe 
diffusion coefficient and 𝑢 is a constant and is generally considered to be 7.4 [52].  
If the influence of the ECAP temperature on deformation mechanism is taken into consideration, the slip 
shear increment is shown as    
∆𝛾𝑆𝑖 = ∆𝛾𝑃𝑖 + ∆𝛾𝐻𝑖                                                                 (18) 
Where ∆𝛾𝑝𝑖  and ∆𝛾𝐻𝑖  are the slip shear increment led by the deformation and temperature, respectively. 
∆𝛾𝐻𝑖 = 𝐾𝑝𝑇 + 𝐴0                                                              (19) 
Where 𝐾𝑝 is the temperature coefficient, which has an obvious effect on the deformation of slip, T is the 
pressing temperature, K,  𝐴0  is a constant, which is depend on the pressing temperature in the ECAP 
process. 
In the ECAP process, the twin shear increment is shown as 
∆𝛾𝑒𝑎 = ∆𝛾𝑃𝑎 + ∆𝛾𝐻𝑎                                                                (20) 
Where ∆𝛾𝑝𝑎 and ∆𝛾𝐻𝑎 are the twin shear increment led by the deformation and temperature respectively. T is 
the pressing temperature, K,  𝐵0 is a constant which is depend on the pressing temperature in the ECAP 
process. 
∆𝛾𝐻𝑎 = 𝐾𝑎𝑇 + 𝐵0                                                                       (21) 
Where 𝐾𝑎 is the temperature coefficient, which has an obvious effect on the formation of twining, T is the 
pressing temperature, K,  𝐴0 is a constant. 
 
4.3.3 Volume of slip and twin on strain increment 
 
Main deformation mechanism of HCP metal includes two deformation system. In this study, it was then 
assumed that except slip and deformation twin, there is no other deformation mechanism. Therefore the 
plastic deformation volume can only be divided into two parts: slip and deformation twin (in this case, 
compression twin is the main twin system).  
𝑉𝑝 = 𝑉𝑆 + 𝑉𝑒                                                                             (22) 
Where 𝑉𝑝 is the total plastic deformation volume, as assumed it is 1, 𝑉𝑆 is the deformation volume led by 
the slip (less than 1), 𝑉𝑒 is the deformation volume resulted from the deformation twin (less than 1). 
For each strain increment τ, the plastic deformation volume can be expressed as 
𝑉𝑝,𝜏 = 𝑉𝑆,𝜏 + 𝑉𝑒,𝜏                                                                         (23) 
The Where 𝑉𝑝,𝜏 is the total plastic deformation volume at the strain increment τ, as assumed it is 1, 𝑉𝑆,𝜏 is 
the deformation volume led by the slip (less than 1) at the strain increment τ, 𝑉𝑒,𝜏  is the deformation 
volume resulted from the deformation twin (less than 1) at the strain increment τ. 
 4.4 Critical resolved shear stress 
Therefore, the resolved shear stresses (RSSs) for all slip systems i and twin systems α are defined as [18] 
�𝜏𝑖 = (𝑪
𝒆:𝑺𝑖) ∙ 𝑺0𝑖
𝜏𝛼 = (𝑪𝑖:𝑺𝑖) ∙ 𝑺0𝑎
                                                                (24) 
At the initial time t, all the variables (𝑭(t), 𝑭𝑝(t), 𝑺𝑖(𝑡), 𝑺0𝑖 (𝑡) 𝑎𝑠𝑎  𝑺0𝑎(𝑡) ) are all known. But at time 
increment ∆t, only 𝑭(t)is available. For simplification of the calculation, a set of trial values are defined for 
the calculation of other variables. Therefore, for all the other incremental variables can be calculated by the 
following setting and equations. 
⎩
⎪
⎨
⎪
⎧ 𝐹
𝑖(∆𝑡)𝑡𝑡 = 𝐹(∆𝑡) ∙ 𝐹𝑝(𝑡)−1
𝑪𝑖(∆𝑡)𝑡𝑡 = 𝐹𝑖𝑒(∆𝑡)𝑡𝑡 ∙ 𝐹𝑖(∆𝑡)𝑡𝑡
𝐸𝑖(∆𝑡)𝑡𝑡 = 1
2
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𝑆𝑖(∆𝑡)𝑡𝑡 = 𝑪:𝐸𝑖(∆𝑡)𝜏𝑡
                                               (25) 
Therefore at time τ (τ=∆t), the RSSs for slip systems i and twin system α in equation (18) can be expressed 
by trial values as   
�𝜏𝑖(∆𝑡)
𝑡𝑡 = 𝑆𝑖(∆𝑡)𝑡𝑡 ∙ 𝑺0𝑖 (𝑡)
𝜏𝛼(∆𝑡)𝑡𝑡 = 𝑆𝑖(∆𝑡)𝑡𝑡 ∙ 𝑺0𝑎(𝑡)
                                                           (26)  
With an assumption of  𝑠𝑠𝑠𝑠(𝜏𝑖(∆𝑡)𝑡𝑡) = 𝑠𝑠𝑠𝑠(𝜏𝑖(∆𝑡))  (for slip systems) and 𝑠𝑠𝑠𝑠(𝜏𝛼(∆𝑡)𝑡𝑡) =
𝑠𝑠𝑠𝑠(𝜏𝛼(∆𝑡)) (for twin systems), the RSSs for slip systems and twin systems can be obtained as follows: 
The RSSs for slip systems: 
|𝜏𝑖(∆𝑡)𝑡𝑡| = |𝜏𝑖(∆𝑡)| +∑ �𝑠𝑠𝑠𝑠(𝜏𝑖(∆𝑡)𝑡𝑡)𝑠𝑠𝑠𝑠�𝜏𝑗(∆𝑡)𝑡𝑡�𝑺0𝑖 (𝑡):𝑪: [𝑠𝑠𝑚(𝑪𝑖(∆𝑡)𝑡𝑡⋅𝑺0𝑖 (𝑡))]�𝑖,𝑗∈𝑁 ∆𝛾𝑗  
(27) 
Where 𝑁 is the set of activated systems in the grains, i and j are the activated slip systems, respectively. 
The RSSs for twin systems: 
 
|𝜏𝛼(∆𝑡)𝑡𝑡| = |𝜏𝛼(∆𝑡)| + ∑ �𝑠𝑠𝑠𝑠(𝜏𝛼(∆𝑡)𝑡𝑡)𝑠𝑠𝑠𝑠�𝜏𝛽(∆𝑡)𝑡𝑡�𝑺0𝛼(𝑡):𝑪: [𝑠𝑠𝑚(𝑪𝑖(∆𝑡)𝑡𝑡⋅𝑺0𝛼(𝑡))]�𝛼,𝛽∈𝑁 ∆𝛾𝛽  
(28) 
Where 𝑁 is the set of activated systems in the grains, α and β are the activated slip systems respectively. 
 
Normally in crystal plasticity finite element modelling, four slip systems and one twin system are employed: 
Basal <a> ({0001}<1120>), prismatic <a> ({1100}<1120>), pyramidal <a> ({1100}<1120>), pyramidal 
<c+a> ({1122}<1123>) and tensile twin <c> ({1012}<1011>, contraction (compression) twin in <c> 
{1011} and {3034} planes [53-55]. Due to the different deformation mechanism and deformation plane, the 
slip and twin of HCP metal can be judged by the critical resolution saturation stress and the deformation 
plane. In this case, deformation twin is the main twin system. For materials with five hexagonal crystal 
symmetry, five independent elastic constants of pure Mg were used in the present work [56]: C11=58GPa, 
C12=25GPa, C13=20.8GPa, C33=61.2GPa, C55=16.6GPa. In the theoretical simulation, reference values of all 
the parameters are list in Table 2.  
Table 2 The parameters of microscopic hardening coefficient used in the CPFEM is as [57] 
Mode τ0𝛼 (MPa) ℎ0  (MPa) 𝜏𝑖𝑎𝑡 (MPa) α 
Basal<a> 25 100 70 1.1 
Prism<a> 68 130 210 0.8 
Pyram<a> 68 130 210 0.8 
Pyram<c+a> 68 130 210 0.8 
Twin 40 50 50 1.1 
4.4 Strain rate dependency law 
 In rate dependent formulations [58-61], the consistency condition is accomplished by establishing a 
relation between slip/twin rates and the corresponding instantaneous RSSs. In this work the shear rate 
deformation on slip/twin systems is given by the following power law flow rule [60]: 
𝛾𝚤 =̇ �𝛾0̇ ��
𝜏𝑖
𝑖𝑖
�
1
𝑚𝑖 − 1�   𝑠𝑖 𝜏𝑖 ≥ 𝑠𝑖
0                 𝑜𝑡ℎ𝑒𝑒𝑒𝑠𝑠𝑒
                                                  (29) 
Where for each system 𝑠 , 𝑠𝑖  is the CRSS, 𝛾𝚤0̇  the reference shear rate and mi the strain rate sensitivity 
coefficient. As a consequence, a system is considered activated when ?̇?𝑖>0, i.e. when ∆𝛾𝑖>0. As noted by 
several authors [62, 63], the previous equation is slightly different from the one proposed by Cuition and 
Ortiz [60]. In this equation, the initial yielding is shifted to mitigate the tendency of the original model 
proposed by Hutchinson [58] to predict unrealistic values of sear rate. Additionally, this shifted relation is 
also numerically more stable. 
Along with the incremental hardening relationship, 
𝑠𝑖(Δt) = 𝑠𝑖(𝑡) + (∑ ℎ𝑖,𝑗(𝑡)𝑗∈𝑁 ∆𝛾𝑖)Δ𝑠𝑖                                             (30) 
Where ℎ𝑖,𝑗 is the hardening matrix at time t.  
According to Garcia-Grajales et al. [18] research, the trial RSSs for twin system can be represented as: 
∑ �𝑠𝑠𝑠𝑠(𝜏𝛼(∆𝑡)𝑡𝑡)𝑠𝑠𝑠𝑠�𝜏𝛽(∆𝑡)𝑡𝑡�𝑺0𝛼(𝑡):𝑪: �𝑠𝑠𝑚�𝑪𝑖(∆𝑡)𝑡𝑡⋅𝑺0𝛼(𝑡)�� + ℎ𝛼,𝛽(𝑡)(
∆𝛾𝑖
Δ𝑡?̇?𝛼0
+ 1)𝑚𝛼�𝛼,𝛽∈𝑁 ∆𝛾𝛽 =
|𝜏𝛼(∆𝑡)𝑡𝑡|− 𝑠𝑎(t)(
∆𝛾𝑖
Δ𝑡?̇?𝛼0
+ 1)𝑚𝛼                                                                                                                 (31) 
The slip systems are the same just by replacing α and β with i, j in equation (29). At each time step, the 
consistency condition leads to a system of nonlinear equations which is opposed to the rate independent 
formulation [9]. 
4.5. Implicit resolution 
Normally, solutions for CPFEM includes two parts: the explicit solution (dynamic state) and the implicit 
solution (static state). In our study, the implicit solution will be implemented because most cases focus on 
the metal forming process with very low deformation speed (strain rate). 
Define A and B are the matrix and right hand side corresponding to the RI formulation. For the twin system, 
the two parameters can be defined as follows: 
�
𝐴𝛼,𝛽 = 𝑠𝑠𝑠𝑠(𝜏𝛼(∆𝑡)𝑡𝑡)𝑠𝑠𝑠𝑠�𝜏𝛽(∆𝑡)𝑡𝑡�𝑺0𝛼(𝑡):𝑪: �𝑠𝑠𝑚�𝑪𝑖(∆𝑡)𝑡𝑡⋅𝑺0𝛼(𝑡)�� + ℎ𝛼,𝛽(𝑡)
𝐵𝑎 = |𝜏𝛼(∆𝑡)𝑡𝑡| − 𝑠𝑎(t)
                            (32) 
 
Therefore, equation (31) can be simplified as 
�
𝐴(∆𝛾) ∙ ∆𝛾 = 𝑏(∆𝛾)
∆𝛾𝛽 ≥ 0,∀𝛽 ∈ 𝑁
                                                                   (33)  
From equation (20) the  
∆𝛾𝛽 = ∆𝛾𝑃 + ∆𝛾𝐻                                                                (34) 
Where ∆𝛾𝑃is the twin increment led by plastic deformation, ∆𝛾𝐻is the twin increment led by the ECAP 
temperature.  
Therefore, equation (33) can be rewritten as 
⎩
⎪
⎨
⎪
⎧
𝐴(∆𝛾) ∙ ∆𝛾 = 𝑏(∆𝛾)
∆𝛾𝛽 = ∆𝛾𝑃 + ∆𝛾𝐻 
∆𝛾𝛽 ≥ 0,∀𝛽 ∈ 𝑁
∆𝛾𝑃 ≥ 0, ∀𝑃 ∈ 𝑁
∆𝛾𝐻 ≥ 0,∀𝐻 ∈ 𝑁   
                                                                   (35)  
Equation (33) can be numerically solved by use of the Newton-Raphson method with line search and 
backtracking strategies [64]. Following this method, the function to minimise is defined as follows: 
𝑖𝑎�Δ𝛾𝛽� = 𝐴𝛼,𝛽�Δ𝛾𝛽�Δ𝛾𝛽 − 𝐵𝑎�Δ𝛾𝛽�                                                        (36)  
The numerical approximation of the Jacobian (i.e.,𝐽𝛼,𝛽 =
𝑑𝑒𝛼
𝑑Δ𝛾𝛽
≈ 𝛿𝑒𝛼
𝛿Δ𝛾𝛽
, ∀α,β ∈ 𝑁 was used for the Newton-
Raphson algorithm as it was shown to offer more stability than the analytical evaluation. Therefore, 
equation (36) can be expressed as 
𝐽𝛼,𝛽 = 𝐴𝛼,𝛽�Δ𝛾𝛽� −
𝐵𝑎(Δ𝛾𝛽)
Δ𝛾𝛽
, ∀α, β∈N                                                (37) 
 
4.6 Flow chart of HCP metal UMAT code 
 
Based on previous research [65], the flow chart of the UMAT code of the HCP metal (Mg alloy) can be 
developed for the application in the commercial finite element package ABAQUS. The flow chart in this 
theoretical simulation is shown in Figure 6. 
 
Figure 6 Flowchart of the UMAT code of HCP metal (Mg alloy) used in ABAQUS  
 
When the UMAT is first used, the increment step will be initialised and the data of grain orientation and 
slip system will be input. At a starting time t of the incremental step, the ABAQUS main program will input 
UMAT with the initial grain orientation matrix, time increment, and all the updating variables calculated 
from the last step. Then the variables ατ ks  and 
)1(
kT
τ of time τ  will be iterated and solved. The values of 
variables pkF
τ , ατσ k ,
ατ γ kS ,∆ ,
ατ γ kT ,∆ , 
kA βα
τ
, , 
kBα
τ , )1(kT
τ , and the Jacobian matrix kJ
τ can be obtained 
by the related equations. If the Jacobian matrix converges, the values of pFτ , ατ s , )1(Tτ , ατσ , ατ γ S∆ ,
ατ γ T∆ , βα
τ
,A , α
τ B and Jτ  will be updated, and then the iteration of the next increment will be calculated. 
If the Jacobian matrix does not converge, the time increment will be estimated and iterated. The Newton-
Raphson iteration method is used in ABAQUS to solve the non-linear finite element equilibrium equation. 
It is as [65-68] 
 
     ∑(∫𝑀𝑒𝐽𝑀𝑎𝑉)𝐶𝐾 = 𝑃(𝑡 + ∆𝑡) − ∑∫𝑀𝑒[𝜎(𝑡) + ∆𝜎(∆𝑢𝑖)]𝑎𝑉                         (38) 
kkk Cuu +∆=∆ +1                                                           (39) 
 
where M is the transfer matrix from the dislocation increment to the strain increment, ∆ε=M∆u. The stress 
increment is a function of the strain increment and a function of the dislocation increment.  After the K 
times’ iteration, the corrected displacement is given in the first equation. When the Newton-Raphson 
iterating method is used to solve the finite element equations, the Jacobian matrix ( )εσ ∆∂∆∂= ∆+∆+ /tttt J  
(matrix DDSDDE) will be updated. If the Jacobian matrix cannot be expressed explicitly, the rigid matrix 
can replace it. In the solving process, the time increment and deformation gradient of time t is input into the 
UMAT by the ABAQUS program and the increment of stress tensors will be updated, and the stress tensor 
at time tt ∆+  will be obtained. If the Jacobian matrix can be expressed implicitly, the matrix DDSDDE 
needs to be updated to improve the rate of convergence. 
 
5. Conclusions 
In this study, a new crystal finite element model for a HCP metal (Mg and its alloys) in the ECAP process 
was established by employing the traditional crystal plastic constitutive equations. The influence of the 
ECAP temperature on deformation mechanism is firstly introduced into the crystal plasticity constitutive 
model. With this optimized model, much more accurate prediction can be made in the ECAP process 
especially in the case involving high temperature states. The new model will be improved by the practical 
test by optimizing the values of parameters. It also has a potential application in other high temperature 
metal forming process of Mg and Mg alloys.  
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